The myocardium of the left ventricle (LV) of the heart comprises layers of muscle fibers whose orientation varies through the heart wall. Because of these fibers, accurate modeling of the myocardium stress-strain behavior requires models that are nonlinear, anisotropic, and time-varying 
Introduction
The myocardium, which is the thick muscular middle layer of the heart wall, comprises muscle fibers, extracellular matrix, blood vessels, blood, and interstitial fluid ͓1͔. The extracellular matrix of the myocardium is mostly composed of collagen fibers and also contains fibronectin and elastin ͓2͔. The muscle fibers in the myocardium are arranged in layers whose orientation changes gradually across the thickness of the wall. In developing material models for the wall of the left ventricle ͑LV͒ or other chambers of the heart, the general approach has been to neglect the epicardium and the endocardium, which are the outer and inner layers of the heart wall, respectively, and are much thinner than the myocardium.
It has previously been shown that the myocardium is a highly anisotropic material with three characteristic directions ͓3͔, which are referred to as fiber, sheet, and sheet-normal ͓4͔. The sheet direction is defined as being perpendicular to the muscle fibers but tangential to the surface defined by the fiber axes, whereas the sheet-normal direction is defined as perpendicular to this surface. Therefore, any material model that is meant to describe the mechanical behavior of the myocardium should ideally be orthotropic.
Additional complications in modeling the myocardium material arise by the fact that muscle fibers undergo successive contractions and relaxations during different parts of the cardiac cycle, as a result of the propagation of an electrical wave, known as action potential, through the myocardium. The action potential induces ion transfer across the cell membrane of the muscle cells, causing actin and myosin filaments to slide past each other, which shortens the length of the sarcomere units within the muscle fiber cells and consequently reduces the overall length of the muscle fibers, resulting in muscle contraction. The contraction and relaxation of the muscle fibers can only be modeled with the use of a material model that is capable of changing during the cardiac cycle. When developing material models of the myocardium, two states of the muscle fibers are considered. The first is the "passive" state in which the muscle fibers are fully relaxed and the second is the "total" state in which the muscle fibers are fully contracted. The total-state stresses are the sum of the passive-state stresses and additional "active" stresses, which are attributed to the fully contracted muscle fibers. During the cardiac cycle, passive stresses are always present and fractions of the active stresses can be added to them to account for partially contracted muscle fibers.
The passive stress-strain relationship of the myocardium is highly nonlinear. This relationship is dictated by the combined behaviors of collagen fibers and additional components of the extracellular matrix, such as elastin ͓2͔. At low strains, the collagen fibers are crinkled like springs and the stress-strain behavior of the myocardium is driven by the rest of the extracellular matrix, whose stiffness is much lower than that of collagen ͓5͔. As the strain increases, the collagen fibers straighten out and the myocardium stiffness increases, eventually becoming dominated by the collagen fiber properties.
The LV myocardium has generally been modeled as a hyperelastic material in which the stress-strain behavior is defined in terms of a strain-energy density function. Material models proposed in literature for the passive LV myocardium can be classified into fully orthotropic ones with different material properties in the fiber, sheet, and sheet-normal directions ͓4,6,7͔ and transversely isotropic ones, with material properties differing only in two directions, fiber and cross-fiber ͓8-10͔. For the active myocardium, two types of models have been proposed: transversely isotropic models ͓6,10͔ and models that are uniaxial in the fiber direction ͓4,6,11͔. All material models necessarily contain adjustable parameters, whose determination should be based on appropriate experimental results, which are generally specific to a species and even to individuals within a species. All of these published models have been defined for the canine myocardium, with the exception of the one proposed by Lin and Yin ͓10͔, which is for the rabbit myocardium.
Ideally, the measurement of the material properties should be done with the undisturbed and functioning heart in its natural condition and should cover the entire cardiac cycle. This is currently impossible and one may only resort to the measurement of stress-strain behavior of excised myocardium specimens in the laboratory. Moreover, complete testing of the stress-strain behavior of excised myocardium specimens, consisting of biaxial tests in the fiber and sheet direction, fiber and sheet-normal directions, and sheet and sheet-normal directions, along with shear tests, has not yet been carried out for a single set of specimens. In fact, in our literature survey, we found no published biaxial tensile tests in the sheet and sheet-normal directions. Shear tests were performed by Dokos et al. ͓12͔ for pieces of porcine myocardium in the passive-state but have not yet been used for material model development.
Material model development generally makes use of equibiaxial tensile tests results, performed on pieces of the LV myocardium with the fiber axis for each piece aligned with one of the directions being stretched. The results of these tests are generally presented as plots of stress versus stretch, where stretch is the ratio of deformed and undeformed lengths. Equibiaxial tensile tests provide sufficient information for the determination of parameters in transversely isotropic models. Several sets of stressstretch measurements for the passive canine LV myocardium, obtained from equibiaxial tensile tests, can be found in literature ͓8,13,14͔. To our knowledge, the only published stress-stretch plots corresponding to both active and total material behavior are those by Lin and Yin ͓10͔, which presented passive and total stress-stretch plots in the fiber and cross-fiber directions for the rabbit LV myocardium. To obtain the total stress-stretch results, Lin and Yin ͓10͔ used a barium contracture method to force the muscle fibers to contract. Both passive and total stress-stretch values have been proposed by McCulloch and Mazhari ͓15͔ for a canine LV with the latter representing an ischemic myocardium. These values have not been used in the present work because they are not based on direct measurements.
In the present study, our general objective is to perform finite element simulations of the mechanics of the heart, including both the blood flow and the wall motion. These simulations will focus on a canine LV for which geometric information, stress-stretch measurements, and many previous experimental and computational results for various fluid and solid quantities over the cardiac cycle are available. The specific objective of this article is to implement a modified version of a previously defined material model for the passive and active behavior of the LV myocardium that can be used in our ongoing finite element simulations and to calculate appropriate material parameter values for this model. To achieve this goal, we faced a number of challenges and this article describes how we overcame some of them. First, we did not endeavor to devise a new material model but rather to choose one from literature. Our choice was based on the requirement that the model should cover the entire cycle or be possible to modify in a way that it would so; moreover, any parameters present in the model should be possible to determine from available measurements, if not precisely, at least in a way that they would result in physiologically plausible predictions. The use of a fully orthotropic model was precluded by the lack of stress-strain results suitable for calculating material parameter values for such a model so we chose a transversely isotropic model. Along the way, we also discovered that the mathematical form of the chosen model needed to be modified for purely numerical reasons and we introduced modifications that allowed numerical convergence but without appreciably distorting its physical performance. Second, we calculated material parameter values for the passive LV myocardium based on available measurements on canines. Finally, in view of the lack of active stress-stretch measurements for the canine LV myocardium, we devised a method to adapt available measurements on rabbits so that they can serve as substitutes. In summary, work described in this article is the first step toward modeling the mechanics of the canine LV. It will be followed by detailed numerical simulations of the operation of an idealized canine heart with fluid-structure interaction between the deforming myocardium and the flowing blood.
Material Model Development
2.1 Material Model Selection. The choice of an appropriate material model of the LV myocardium was based on three selection criteria. First, the chosen material model should allow for the explicit definition of muscle fiber direction within the material model, rather than within the finite element model. This can be done by defining the strain-energy density function in terms of strain invariants rather than strains and introducing a strain invariant containing the fiber direction. Among the material models mentioned previously, only those of Humphrey et al. ͓8͔ and Lin and Yin ͓10͔ are defined in terms of strain invariants. Meeting this criterion would facilitate the specification of fiber direction in our chosen finite element software ADINA v. 8.5.2 ͑ADINA R&D, Inc., Watertown, MA͒ because it was determined that defining the fiber direction within the material model would require no modifications to the finite element code. Second, the chosen material model should have a number of independent material axes that would be equal to that of the available LV myocardium stressstretch measurements to allow for validation and, if necessary, calculation of appropriate material parameters. As mentioned in the Introduction, stress-stretch measurements available in literature are from equibiaxial tests, which specify properties for only the fiber and cross-fiber directions. This necessitates the use of a transversely isotropic material model, such as the models proposed by Humphrey et al. ͓8͔, Guccione et al. ͓9͔, and Lin and Yin ͓10͔. Third , the chosen material model should contain both passive and active components, preferably with the same number of 041006-2 / Vol. 132, APRIL 2010
Transactions of the ASME independent material directions. Whereas, the material models of Guccione et al. Although adapting properties measured for one species for use with another would obviously introduce some uncertainty, it has also been known that when such properties are normalized by appropriate scales, they result in dimensionless values that are comparable for different mammals. For example, Li ͓18͔ stated that the LV ejection fractions ͑defined as the ratio of stroke volume to end diastolic volume͒ of four different mammals, including rabbits and dogs, are roughly the same. To address the second issue, one needs to examine separately the availabilities of passive and total stress-stretch measurements. For the passive canine LV, Novak et al. ͓13͔ provided a range of stress-stretch measurements, which can be used to calculate appropriate material parameter values, as will be described in a following section. The issue becomes more difficult, however, when attempting to simulate the total material behavior. As mentioned previously, the only known published total stress-stretch measurements for the LV myocardium are for the rabbits ͓10͔. In the absence of such measurements for a dog, rabbit measurements will be used to approximate canine LV myocardium total material behavior. If total stress-stretch measurements for the canine LV myocardium become available in the future, the material parameter values in the present model can be easily adapted to correspond to the new measurements instead of the ones used presently.
Material Model Definition.
The material model is given in terms of the total strain-energy density function W from which one may calculate stresses from strains. More specifically, the components S ij of the second Piola-Kirchhoff stress tensor S can be calculated from the strain-energy density function and the components E ij of Green's strain tensor E as
where p is a Lagrange multiplier, which is introduced to enforce material incompressibility and can be specified by considering the boundary conditions of each specific problem, and C ij −1 are the components of the inverse of the matrix representing the right Cauchy-Green deformation tensor C. C can be defined in terms of the deformation gradient tensor F as C = F T F ͓19͔. Because the experiments that will be used to evaluate the parameters in the material model were conducted along principal stretch axes, it is convenient to write the tensors F, C, and C −1 in terms of the principal stretches i , i =1,2,3 as In order to compute the normal components of S, the Lagrange multiplier p must be calculated using boundary conditions. In this study, calculations are performed for the case of equibiaxial tension for which the material is stretched equally in the fiber ͑x 1 ͒ and cross-fiber ͑x 2 ͒ directions. For an incompressible material in equibiaxial tension S 33 = 0 from which p can be calculated as
Substituting this value of p into Eq. ͑1͒ gives The stresses presented in most of literature are Cauchy stresses T rather than second Piola-Kirchhoff stresses. The Cauchy stress tensor can be calculated from the second Piola-Kirchhoff stress tensor using a push-forward operator, denoted as ‫ء‬ , as follows:
where J = det F is the volume ratio ͓19͔. Using Eq. ͑6͒, the definition of F from Eq. ͑2͒, and the fact that for equibiaxial tensile tests 1 = 2 , the normal components of T can be calculated as
and
The Lin-Yin ͓10͔ material model, which serves as the basis for the model to be used in this study, decomposes the strain-energy density function for the rabbit LV myocardium into a passive part W p and an active part W a , as
where
In these expressions, C i and D i are material parameters and I 1 and I 4 are invariants of Green's strain tensor, defined as
where N is a unit vector along the muscle fiber direction ͑N = ͓n 1 n 2 n 3 ͔ T , n 1 2 + n 2 2 + n 3 2 =1͒. It should be noted that, in stress calculations, one does not need the value of W but rather only its derivatives. For this reason, the value of the parameter D 0 is not required and so D 0 is set to zero.
For a more complete definition of a transversely isotropic material, additional strain invariants, I 2 and I 5 , defined below, could have been included in Eqs. ͑10͒ and ͑11͒.
However, these invariants were neglected by the original authors of this model "because the determination of a specific form of a strain-energy function, which depends on four invariants is extremely difficult" ͓17͔. In fact, Criscione et al. ͓20͔ state that because I 1 , I 2 , I 4 , and I 5 measure deformations that are not independent of each other, it is impossible to determine the appropriate form of W when considering all of these invariants, if only biaxial tests are performed. In their work, Criscione et al. ͓20͔ define alternative invariants, which unlike I 1 , I 2 , I 4 , and I 5 , are nearly independent of each other, which in turn, could be used to determine a functional form of a transversely isotropic constitutive equation for the LV myocardium. However, determining an appropriate form of a constitutive equation would require performing experiments on pieces of LV myocardium that involve fixing one or more of these alternative invariants while varying another to determine the influence of each one on the form of W.
As the present study makes use of stress-stretch measurements from literature, the determination of a new analytical form for the function W is beyond the current scope. Although we acknowledge that the analytical form of W defined by Eqs. ͑10͒ and ͑11͒ may not represent all aspects of the behavior of the LV myocardium due to the absence of these two strain invariants, we ensure that the model describes well the available data by choosing parameter values, which fit well to existing stress-stretch measurements.
Material Model Modifications

Material Compressibility.
The previously defined model is fully incompressible. In many finite element codes, including ADINA, such models cannot be used because of the difficulty in enforcing conservation of volume in a geometry undergoing large deformations. It is therefore necessary to modify the expression for W to a slightly compressible form as described in the ADINA documentation ͓21͔. This is done by adding a volumetric term to represent the material compressibility and converting the strain invariants to reduced strain invariants, as shown in the following:
In the previous equations, is the material bulk modulus and J i are reduced strain invariants, defined as J 1 = I 1 I 3 −͑1/3͒ , J 3 = I 3 ͑1/2͒ , and
, where
͑19͒
For an incompressible material, I 3 = 1. As will be demonstrated further in this article, the volumetric term in Eq. ͑16͒ would vanish as → ϱ and so compressibility effects would indeed become negligible when is sufficiently large. It is appropriate at this stage to provide a word of caution about this limit. Although the volumetric term vanishes as → ϱ because J 3 → 1, setting J 3 =1 in Eq. ͑16͒ would lead to erroneous stress calculations due to differences in the derivatives of the invariants I i and J i with respect to E ij ; to prevent this from happening, additional analysis would be required but this is outside the scope of the present work. For this slightly compressible material, volumetric changes are accounted for by the second term on the right-hand side of Eq. ͑16͒, which eliminates the need for the Lagrange multiplier term in Eq. ͑1͒. The setting p = 0 in Eq. ͑1͒, leads to
Solution Convergence at Zero Strain.
Further modification of the passive material model is necessary to achieve convergence of the simulations at zero strain. As described in the Appendix, the adopted finite element procedure for stress calculations requires inversion of a matrix, which would cause the simulations to diverge when the strain is zero. This would happen at the first time step in dynamic simulations or the first load step in static simulations if the undeformed state were taken as the initial condition. One approach for resolving this problem is to apply an initial condition for strain ͑which, in ADINA, would be introduced as an initial displacement͒, which would prevent the model from calculating a zero stress. For a simplified geometry, such as a cube, the appropriate initial displacements can be easily defined in all three directions. However, when performing simulations using a more complex geometry, such as the LV, an appropriate choice of initial conditions in all three directions is not so easy to make. For this reason, an alternative approach was used in the present work.
As explained in the Appendix, the addition of two terms in the expression for the exponent Q, which are first-order in J 1 and J 4 , would guarantee model convergence at zero strain, provided that at least one of the additional parameter values C 5 and C 6 is different from zero. The modified exponent can be written as
Passive Material Model Constraints.
When determining values for the various parameters for the passive and active material models, it becomes necessary to impose constraints on the signs and/or magnitudes of these parameters for physical or numerical reasons. The constraints defined in this section and the next one will be applied to the calculation of these material parameter values.
A natural way to ensure that the internal strain-energy grows with increasing stretches is to require that W is a strictly convex function of the invariants J 1 and J 4 . The enforcement of strict convexity of W also has a numerical benefit because it facilitates the convergence of the finite element computations. Although forcing W to be a strictly convex function does not guarantee convergence, if W were not strictly convex, the simulations would diverge. For W p to be strictly convex, sufficient but not necessary criteria are that C 1 Ͼ 0 and that e Q be strictly convex. It is sufficient to enforce that Q be convex because e Q will also be convex
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Transactions of the ASME if Q is convex. For Q to be convex, the second derivative of Q with respect to J i must be positive definite ͓22͔. This derivative can be written in matrix form as
For the matrix in Eq. ͑22͒ to be positive definite, the principal minors must be strictly positive, which leads to the constraints C 2 Ͼ 0 and 4C 2 C 4 − C 3 2 Ͼ 0. Because optimization methods are used to estimate the model parameters and these methods only deal with inequality constraints instead of strict inequality constraints ͓22,23͔, these two strict positivity conditions must be restated as inequalities. In particular, the second constraint will be specified as −4C 2 C 4 + C 3 2 + 1 Յ 0, where 1 is a small positive number.
Because of the addition of the two terms containing the parameters C 5 and C 6 in the expression for Q, stresses may no longer be equal to zero at zero strain ͑ 1 = 2 = 3 =1͒. To determine whether constraints on C 5 and/or C 6 would be required to ensure zero stress at zero strain, we will calculate the passive second PiolaKirchhoff stresses in the x 1 and x 2 directions. Expanding the derivatives in Eq. ͑20͒, the passive parts of these stresses are defined as
The derivatives of W p with respect to J 1 , J 3 , and J 4 are given in Eq. ͑A4͒ in the Appendix. Assuming that the muscle fibers are aligned with the x 1 axis, one may calculate the derivatives of J 1 and J 4 with respect to E 11 and E 22 as 
͑27͒
Substituting Eqs. ͑A4͒, ͑26͒, and ͑27͒ into Eqs. ͑23a͒ and ͑23b͒ leads to
At zero strain, 1 = 2 = 3 =1, I 3 =1, I 1 = J 1 =3, I 4 = J 4 = 1, and e Q = 1, reducing Eqs. ͑28a͒ and ͑28b͒ to
It is clear from Eqs. ͑29a͒ and ͑29b͒ and the previously defined constraint C 1 Ͼ 0 that for S 11 and S 22 to be zero at zero strain, C 6 = 0. Because only one of C 5 and C 6 needs to be different from zero in order to guarantee convergence and C 5 does not appear in Eqs. ͑29a͒ and ͑29b͒, setting C 6 = 0 and specifying that C 5 0 means that the simulations will converge at zero strain while still allowing the passive stresses to be zero. Because C 5 was introduced to the material model to allow convergence at zero strain, its magnitude must be constrained in a way that its influence on the stress calculations is small for relatively large stretches. To achieve this objective, we will set C 5 = 2 , where 2 is a small positive number. The value of 2 will be chosen during the parameter value calculations as to reduce the difference between the stresses calculated with and without C 5 to less than one percent for 1 = 2 = 1.06; with this choice, it is guaranteed that the effect of C 5 on the stresses will be even lower for higher stretches. A summary of all passive material parameter constraints is provided in Figure 1 is a stressstretch plot showing the results of equibiaxial tensile tests performed in the fiber and cross-fiber directions on pieces of the passive LV myocardia from three rabbit ͓10͔ and three dog ͓13͔ specimens. For the rabbits, measurements were extracted from Fig. 4 in the article by Lin and Yin ͓10͔ and represent the only one of their seven specimens for which they published their measurements. By calculating stresses using the material model and parameter values provided by Lin and Yin ͓10͔, it was determined that these measurements correspond to the material parameter values for specimen 4. The stress-stretch curves for rabbit specimens 1 and 2, shown in Fig. 1 , were generated by calculating the stresses using material parameters given by Lin and Yin ͓10͔ and represent the upper and lower bounds, respectively, of their seven rabbit specimens. The three sets of dog measurements were extracted from Figs. 1 and 2 in the article by Novak et al. ͓13͔ for the fiber and cross-fiber directions, respectively, and represent the upper limit, the lower limit, and the middle of the range of stressstretch curves from the middle part of the LV free wall.
As shown in Fig. 1 , the stress-stretch curves of either species have two distinct parts, a slowly rising part at low stretches, and a steeper part at higher stretches. This behavior is attributed to the composite structure of the myocardium, which was discussed in Sec. 1.
Whereas the points in Fig. 1 presumably indicate actual experimental values and clearly demarcate the experimental range of stretches, the curves are approximate fits to the data and include parts computed by extrapolating the experimental ranges, although it is impossible to determine the stretch beyond which extrapolation has taken place. It is evident that extrapolated parts of all curves would be subject to additional uncertainty, which cannot be estimated but may be significantly larger than the measurement uncertainty. Moreover, all these plots represent a very small number of samples for each species, and, therefore, any observations based on these results should be treated as specific to individual specimens; thus these results have a qualitative significance rather than applying quantitatively to an entire species.
The reported range of each set of available experimental results extends between a minimum and a maximum stretch. It would have been helpful to know whether the bounds of these ranges are related to experimental limitations or reflect changes in material properties ͑e.g., elastic limits͒ but unfortunately the authors do not provide any relevant information. In contrast, any analytical model fitted to these data can be extrapolated to stretches both lower and higher than the experimental lower and upper bounds, respectively. It is obvious that while extrapolating to lower stretches, the model must predict positive values for tensile tests. When extrapolating to higher stretches, the predictions will inevitably become devoid of physiological meaning as the model is extended to higher and higher stretches. However, when simulating heart operation, it is only necessary to model stress-stretch behavior within the expected stretch range. As typical of the range of strains experienced by the canine heart, measurements of stretches in an isolated LV undergoing passive filling performed by Omens et al. ͓24͔ showed a maximum stretch of about 1.3, which is not much higher than the maximum stretches in the experiments by Novak et al. ͓13͔. Based on this observation, one may infer that, for cardiac cycle simulations, only minimal extrapolation, if any at all, may be required when the LV is at its maximum deformation. Although all specimens of a given species have qualitatively similar stress-stretch curves, the variability from one specimen to another is relatively large, particularly for the rabbit. Considering all plots in Fig. 1 , one may note that for a given stretch, the available stresses for all dog specimens fall well within the range of stresses for all rabbit specimens. Nevertheless, the high-stretch parts of all rabbit curves appear to have higher slopes than those of all dog curves. Although one may not exclude the possibility that steeper parts may have also been present in dog stress-stretch curves, if experiments at wider stretch ranges 
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Transactions of the ASME had been performed, the data indicate that, if one were to extrapolate the available measurements to higher stretches, the dog would likely have lower stresses in both the fiber and cross-fiber directions than the rabbit. The difference in slope between the rabbit and the dog curves, as well as the speculation that at higher stretches, the dog stresses would be lower than the rabbit stresses, are both consistent with Fig. 9 of Vetter and McCulloch ͓25͔, which is a plot of values of passive fiber and cross-fiber stresses for various species based on several published material models. Finally, comparison of the corresponding passive stress-stretch curves in the fiber and cross-fiber directions shows that both the rabbit and the dog myocardia exhibit stretch-dependent anisotropy. For example, at a stretch of = 1.15, the ratio of fiber to cross-fiber stresses varies from 1.26 to 3.33 for the rabbit and from 1.03 to 1.18 for the dog, whereas at = 1.25, it varies from 1.15 to 1.65 for the rabbit and from 1.01 to 1.32 for the dog. The available information is not sufficient for one to determine conclusively whether the myocardium of one species is more anisotropic than that of the other. Figure 2 contains plots of total stress-stretch behavior for the rabbit LV myocardium for the same specimens presented in Fig. 1 . These plots of total stresses show higher stresses for a given stretch than in the passive case due to the additional active stresses caused by fiber contraction. The total stresses also show a greater degree of anisotropy than their corresponding passive values. For example, at = 1.25, the ratios of fiber to cross-fiber stresses for the total cases range from 1.18 to 2.70, which is wider than the range from 1.15 to 1.65 for the passive cases.
Total Stress-Strain Behavior.
Methods
Numerical Simulations.
To validate our material model and computational procedures, we performed numerical simulations of equibiaxial tensile tests using material parameter values for rabbit specimen 4 proposed by Lin and Yin ͓10͔ and then compared our passive and total stress-stretch results with values extracted from their Fig. 4 . The equibiaxial tensile test simulations were performed using a cubic geometry, shown in Fig. 3 , meshed using a single eight-node hexahedral element. The fibers were aligned with the x 1 direction, whereas x 2 and x 3 were cross-fiber directions. The geometry was constrained such that the surface normal to the negative x 3 axis was fixed in x 3 , the surface normal to the negative x 2 axis was fixed in x 2 , and the surface normal to the negative x 1 axis was fixed in x 1 . Equal displacements were applied to the surfaces normal to the positive x 1 and x 2 axes, corresponding to the values of stretch from 1 = 2 =1 to 1 = 2 = 1.5. The surface normal to the positive x 3 axis was free to deform according to the compressibility of the material. At each incremental displacement, the stresses were calculated using ADINA and our user-supplied material model.
The passive and active material parameter values used for these equibiaxial tensile test simulations were taken from 
Material Parameter Calculations.
Material parameter values for the passive and active material models were calculated using MATLAB 7.4.0 ͑The MathWorks, Inc., Natick, MA͒, and more specifically the "fmincon" function, which utilizes a sequential quadratic programming method ͓23͔ to minimize a function of multiple variables. The function fmincon was chosen instead of the more widely used Levenberg-Marquardt method ͓23͔ because unlike the latter, the former method allows one to impose nonlinear constraints that depend on several variables.
The passive and active material parameter values were calculated separately using the procedure described in the following. First, the measured Cauchy stresses T 11,m and T 22,m , from equibiaxial stretching in the x 1 and x 2 directions, and their corresponding stretches were imported into MATLAB. Next, initial estimates of the material parameter values were defined to calculate Cauchy stresses T 11,c and T 22,c . In order to calculate these stresses, values of all three principal stretches are required. The stretches 1 and 2 in the fiber and cross-fiber directions are known from the imported measurements. Moreover, 3 can be determined as a function of by considering that, for biaxial tension with a free boundary normal to the x 3 -axis, the stress S 33 must vanish. Although such calculation is possible, it would be cumbersome as well as unnecessary because the resulting stresses should be independent of in the weak compressibility limit. Therefore, instead of pursuing an exact procedure, we shall perform an order-ofmagnitude analysis.
For a slightly compressible material, the procedure presented in Sec. 2.3.3 leads to the expression
which may be further simplified considering that C 6 = 0 and that for equibiaxial tension 1 = 2 . Under the assumption of weak compressibility, one may assume that volumetric changes are small, so that
where ͉␦͉ Ӷ 1. Then, from Eq. ͑31͒ and the relation 1 = 2 , one gets
͑32͒
Substituting Eq. ͑32͒ into the expressions for the derivatives of J i with respect to E jj , which are contained in the rightmost set of parentheses in each term in Eq. ͑30͒, leads to
where the notation O͑ ͒ denotes the upper bound on the order-of-magnitude. The orders of magnitude of the terms containing the invariants J 1 and J 4 are
By substituting these orders of magnitude into Eq. ͑30͒ and considering that C 1 is a constant and that e Q is bounded for stretches within the physiological limits, it is easy to see that the three terms on the right-hand side of Eq. ͑30͒ are, respectively O͑1͒, O͑␦͒, and O͑1͒. For the three terms in this equation to balance in orders of magnitude, it is necessary that the second term be at most of O͑1͒, which leads to
This relationship proves that, although at first glance it appears that the volumetric term 1 2 ͑J 3 −1͒ 2 in Eq. ͑16͒ grows with increasing , it is actually of O͑1 / ͒ and therefore becomes negligible at sufficiently large because J 3 −1=O͑␦͒ = O͑1 / ͒. Furthermore, it is easy to show that
from which it follows that, in the limit as → ϱ, Eqs. ͑17͒ and ͑18͒ for the slightly compressible material model converge to Eqs. ͑10͒ and ͑11͒ for the incompressible material model. In conclusion, it is appropriate to compute the model parameters using incompressible relationships and then use the same parameters in the slightly compressible expressions, provided that is sufficiently large. The validity of this assumption for the stress calculations will be verified in Sec. 5.2 in which stresses are calculated in ADINA for various values of and compared with their corresponding incompressible stresses. The stresses T 11,c and T 22,c will be calculated under the assumption of incompressibility in MATLAB using Eqs. ͑5͒ and ͑7͒, as follows:
where Q = C 2 ͑I 1 −3͒ 2 + C 3 ͑I 1 −3͒͑I 4 −1͒ + C 4 ͑I 4 −1͒ 2 + C 5 ͑I 1 −3͒ and 3 = ͱ 1 / 1 2 2 2 . The next step in determining the material parameter values is to calculate the least-square difference between the calculated and measured stresses as
Lastly, the optimal values for material parameters, subject to both linear and nonlinear constraints defined in Table 1 for the passive material parameters or Table 2 for the active material parameters, were computed such as to minimize ⌬. For the constraints defined in Table 1 , we have chosen 1 = 0.01 and have determined from stress calculations that 2 = 0.0001 is sufficiently small to satisfy the criteria defined in Sec. 2.3.3, as will be shown in Sec. 5.3. For the passive material parameter value calculations, the three sets of stress-stretch measurements of Novak et al. ͓13͔, which were presented in Fig. 1 , were used for the calculations. For the active part, in the absence of measurements of canine active stresses, rabbit active stresses calculated using the material parameter values of Lin and Yin ͓10͔ were used to approximate active canine material behavior. A first, unsuccessfully, attempt to estimate canine active material properties was made by assuming that the ratios of passive to total stresses for a given stretch were comparable for rabbits and dogs. This ratio was calculated for each of the three rabbit specimens presented in Fig. 1 and used to calculate total stresses for each of the three dog cases in Fig. 1 . The active stresses were then calculated as the difference between the total and passive stresses. The resulting active stress-stretch curves were clearly unacceptable because, in a range of large but
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Transactions of the ASME physiologically plausible stretches, they predicted active stresses that decreased with increasing stretch. This nonphysical behavior is also found when examining the rabbit material models but is not observed in the corresponding experimental results. For each rabbit case, there exists a critical stretch cr above which the active stress begins to decrease with increasing stretch. This behavior is due to the form of the material model and does not correspond to any physical phenomenon. For the three rabbit specimens in Fig. 2 , cr is approximately 1.5 for specimens 1 and 4 and 1.3 for specimen 2. In all three cases, cr is greater than the maximum acceptable stretch for the passive part, which implies that this nonphysical behavior is not present in the material model within a physiologically relevant range. However, because the canine stress-stretch curves are less steep than those for the rabbits when this approach is applied to the dog cases, it causes cr to shift toward lower values of stretch, which are within the physiological range for the dog. Consequently, this method of scaling factors was deemed to be unsuitable for predicting active canine LV myocardium stresses.
To avoid the limitation of the scaling ratios, we propose an alternative approach, which uses a fraction of the rabbit active stress-stretch values directly, along with the passive canine stressstretch values, to approximate the total canine stress-stretch behavior. Considering that no total canine stress-stretch measurements are currently available, this approximation may be an acceptable rough choice, particularly in view of the fact that there is a large variation in total stress-stretch behavior from dog to dog. These active stresses are calculated as the difference between the total stresses and the passive stresses found in ADINA using the appropriate material parameter values. The active Cauchy stresses for the dog were then calculated using the following relation:
where is the fraction of the active rabbit stress that is added to the passive dog stress. Using values of = 0.5, 1.0, and 1.5, active stresses were calculated for the dog. These stresses were then imported into MATLAB to calculate the active material parameter values.
Results
Material Model Validation.
Equibiaxial tensile test simulations for the passive and total material models for rabbit specimen 4 were performed in ADINA. The resulting stresses for the passive and total material models are plotted in Figs. 1 and 2 , respectively, as functions of stretches, and show very good agreement with the measurements, thus validating our material model implementation and computational procedure. The differences between the computed and measured values that have been plotted in these two figures mostly reproduce existing differences between measured values reported by Lin and Yin ͓10͔ in their Fig.  4 and predictions of their model as reported in their Table 1 , and may only to a much lesser degree be caused by approximations introduced by the present procedure.
Although the stresses plotted in Figs. 1 and 2 could have been calculated directly, it is important for our future work to obtain them through numerical simulations in ADINA. Without using ADINA or a similar finite element code, the issues that led to the implementation of the modifications and constraints to our material model and parameter values would not have been evident, potentially leading to the calculation of material parameter values that would cause numerical simulations of heart operation using this material model to diverge.
Adjustment of Material
Compressibility. An appropriate value of the bulk modulus was determined by comparing the total stresses for specimen 4 of Lin and Yin calculated in ADINA for various values of to incompressible ones calculated using MATLAB. Simulations were performed for values of from 1 ϫ 10 5 to 1 ϫ 10 9 kPa in multiples of 10. For each , the value of 3 when 1 = 2 = 1.33 was used to determine I 3 − 1, which should approach zero as → ϱ. Additionally, the slightly compressible Cauchy stresses T 11,sc and T 22,sc taken from the simulation results for the same stretches, were compared with their incompressible values of T 11,inc = 40.679 kPa and T 22,inc = 32.355 kPa. Based on the results of these comparisons, presented in Table 4 , a value of =1ϫ 10 7 kPa was chosen as this is the smallest value of for which the stresses calculated using the slightly compressible model in ADINA are approximately equal to those calculated using the incompressible model. Any further increase in increases the stiffness of the solid, which could lead to convergence problems in the simulations, without having any significant impact on the stress calculations. This value of is the one that has been used to generate all plots presented in this article. The fact that stresses using the slightly compressible material model were found to be approximately equal to stresses calculated using the incompressible material model validates our procedure to use incompressible expressions for calculating the model parameters.
Passive Material Parameter Calculations.
Passive canine LV myocardium material parameter values ͑C i in Eqs. ͑16͒ and ͑21͒͒ have been calculated using MATLAB for the three sets of canine stress-stretch values presented in Fig. 1 , which will be referred to as "lower," "middle," and "upper" to denote their relative stress magnitudes. The results of these calculations are presented in Table 5 . Using these parameter values, equibiaxial tensile test simulations were performed in ADINA. The resulting stress-stretch values have been plotted in Fig. 1 .
The current computational results are in excellent agreement with the measurements, which demonstrates that the calculations of material parameter values were performed successfully. The three sets of material parameter values in Table 5 will be used in our ongoing LV simulations to determine, which set leads to results that most closely match previous experimental values. For the lower set of material parameter values, the difference between the magnitudes of the Cauchy stresses calculated using the incompressible material model with C 5 =0 or C 5 = 0.0001 are 0.3 %, 0.08%, and 0.02% for T 11 , and 1.7 %, 0.04 %, and 0.02 % for T 22 at 1 = 2 = 1.01, 1.06, and 1.3. For these same three values of 1 and 2 , the differences in the magnitudes of the Cauchy stresses for the medium set of material parameter values are 1.5%, 0.2 %, and 0.02% for T 11 and 4.8 %, 0.2 %, and 0.02 % for T 22 . Lastly, for the upper set of material parameter values at the same three stretches, the differences in the magnitudes of the Cauchy stresses are 0.4 %, 0.1 %, and 0.02 % for T 11 and 12%, 0.2%, and 0.02% for T 22 . For all three sets of material parameter values, the difference for the two values of C 5 is much less than 1% at 1 = 2 = 1.06 and decreases for increasing values of 1 and 2 . The large difference of 12 % for T 22 for the upper material parameter values at 1 = 2 = 1.01 should not be interpreted as a significant difference in the actual magnitude of the stresses because, for this case, T 22 is relatively small and this difference corresponds to a difference in magnitude of 6 ϫ 10 −5 kPa.
Active Material Parameter
Calculations. Active canine LV myocardium stresses for use with the lower passive canine stresses were approximated from rabbit values from specimen 1 of Lin and Yin ͓10͔ using Eq. ͑39͒. Specimen 1 was chosen because comparisons of computed passive canine and rabbit stresses show that rabbit specimen 1 is closest to the lower canine case for large values of stress. The lower passive canine stresses were chosen to illustrate this method but the method is equally valid for other cases. Using these approximated active canine LV myocardium stresses, active material parameter values ͑D i in Eq. ͑18͒͒ were calculated in MATLAB for = 0.5, 1.0, and 1.5. The results of these calculations are presented in Table 6 . Using these active canine material parameter values, equibiaxial tensile test simulations were performed in ADINA. The results of these simulations show excellent agreement with the active rabbit stress values, as can be seen in Fig. 4 . Each set of active stresses can be added to the canine LV myocardium passive stresses representing the lower case in Fig. 1 to give total canine LV myocardium stresses. These total stresses are plotted in Fig. 5 along with the passive and total stresses for rabbit specimen 1 from Lin and Yin ͓10͔, which were used to calculate the active part of the canine stresses. Although the active and total stresses for the canine LV myocardium presented in Figs. 4 and 5 are approximations, they are based on realistic assumptions and measurements available in literature. The optimal value of to achieve physiologically sound results will be determined as part of our ongoing cardiac cycle simulations.
Discussion
The present approach for modeling the passive material behavior of canine myocardium has been proved valid to the extent that it can be tested versus available experimental results. Reconstructed stresses, using our calculated material parameter values for the passive canine LV myocardium, show excellent agreement with previous measurements. Although some parameter values were constrained to prevent numerical problems, no significant discrepancies were found between the computed and experimental results, which implies that these constraints did not have any adverse effect on the model fit. Because some of these constraints were not enforced when the parameter values were fit to their data by the original authors, some previously published material parameter values are not suitable for numerical simulations, even though they may fit the data well ͓26͔. In fact, we have confirmed that this is the case for several of the sets of Lin and Yin ͓10͔ passive parameter values.
The present transversely isotropic model only partially represents the LV myocardium material, which is fully orthotropic ͓3͔. Unfortunately, orthotropy cannot be accounted for in our procedure due to the lack of published measurements of material properties in both nonfiber directions. In the event that fully orthotropic stress-stretch measurements became available, the present passive transversely isotropic material model could be extended to a fully orthotropic one through the introduction of additional terms in the strain-energy density function containing new strain invariants I 6 and I 7 , defined as
where M is a unit vector containing the sheet direction ͓27͔.
Moreover, a more complete model could also include the invariants I 2 and I 5 which were disregarded in the present model. Additionally, results of shear tests should be utilized along with the results of tensile tests to give a more complete representation of the deformations that would be experienced by the LV. However, a constitutive model that incorporates all of these features would still only represent the stress-stretch behavior of pieces of an excised LV myocardium and would not necessarily be indicative of the stress-stretch behavior of an intact in vivo LV myocardium. For the active part of the canine material model, because no measurements of active canine LV myocardium stress-stretch behavior have been published, we have made use of the only available information, namely, stress-stretch measurements for the rabbit LV myocardium. Although this approximation introduces additional uncertainty, it allows us to proceed with our main objective, which is to simulate numerically the operation of the canine LV. The passive material stress-stretch curve for the chosen rabbit specimen matches roughly the corresponding curve for the chosen dog specimen in range of values but has a steeper slope at large stretches. An attempt to use the rabbit passive-to-total stress ratio for estimating the total canine stress proved unsuccessful because it resulted in total canine stresses that contradicted the expected stress-stretch behavior. Instead, we used a different approach, which qualitatively conforms to the expectation that, as the stretch increases within the physiological range, the active stress would increase. In the rabbit, it was found that, as stretch increases, so too does the contribution of the passive part to the total. Therefore, although there is no experimental basis by which we can validate the estimated active canine material behavior, the deviation of the estimated total material stress-stretch behavior from the actual one is expected to decrease with increasing stretch. As an additional attempt to bring our ongoing simulations of the canine LV cardiac cycle closer to the physiological range, we plan to adjust the active material parameter values such as to approximately reproduce measurements of stroke volume for a range of physiological pressures. This could, for example, be achieved by adjusting the value of the parameter . As already mentioned in previous sections, in the event that active canine stress-stretch measurements become available in the future, it should be a straightforward exercise to recalculate active material parameters using these more appropriate data.
Conclusions
A transversely isotropic material model, which was originally proposed for the rabbit LV myocardium, has been adapted for use with a canine LV myocardium. This material model has been modified from a form fitted to measurements to one that is suitable for use in finite element simulations. Additional terms have been added to the model to guarantee convergence at zero stretch and positive tensile stresses for small stretches. Before calculating material parameter values for the passive and active parts of the material model, several constraints on the signs and magnitudes of the parameters were applied. In particular, constraints have been added to ensure that the passive and active parts of the strainenergy density function were strictly convex, which aids in the convergence of our numerical simulations. The material parameter values for the passive canine LV myocardium have been calculated from existing canine stress-stretch measurements. Because no measurements relevant to an active canine LV myocardium are available, parameter values for this case have been estimated from active rabbit myocardium stress-stretch measurements. In both cases, excellent agreement was found between the stresses calculated with the material model and those used to calculate the parameter values.
